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A MODEL OF PRICE DISCRIMINATION UNDER LOSS
AVERSION AND STATE-CONTINGENT REFERENCE POINTS

JUAN CARLOS CARBAJAL AND JEFFREY C. ELY

ABSTRACT. We study optimal price discrimination when a monopolist faces a
continuum of consumers with reference-dependent preferences. A consumer’s val-
uation for product quality consists of an intrinsic valuation affected by a private
state signal (type), and a gain-loss valuation that depends on deviations of pur-
chased quality from a reference point. Following K6szegi and Rabin (2006), we
consider loss-averse buyers who evaluate gains and losses in terms of changes in
the consumption valuation, but in our model each buyer evaluates consumption
outcomes relative to his own state-contingent reference quality level. We capture
the process by which reference qualities are formed via a reference consumption
plan, and use a generalization of the Mirrlees representation of the indirect utility
to fully characterize optimal contracts for loss-averse consumers. We find that,
depending on the reference plan, optimal price discrimination may exhibit (i)
downward distortions beyond the standard downward distortions due to screen-
ing; (ii) efficiency gains relative to second best contracts without loss aversion;
(iii) upward distortions above first best quality levels without loss aversion. We
consider ex-ante and ex-post consistent contracts in which quality offers by the
firm coincide, in expectations or at every state realization, respectively, with the
reference quality levels. We find the firm’s unique preferred ex-ante and ex-post
consistent contract menu and specify conditions under which, for the second case,
it also constitutes the consumers’ preferred menu.

1. INTRODUCTION

The purpose of this paper is to study monopoly price discrimination in situations
where buyers care about comparisons between consumption outcomes and subjec-
tive beliefs about these outcomes, which act as reference points. In our model,
there is a one-dimensional state parameter 6 that affects demand for quality and
expectations of future consumption.! More precisely, a consumer’s utility is deter-
mined by his intrinsic quality taste and by comparisons between the offered quality
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and a reference quality level, and both are affected by 6. The way we allow the
state parameter to determine willingness to pay is standard (for instance, single-
crossing is satisfied). The interaction between 6 and the reference point is captured
by a reference consumption plan: after observing €, a buyer anticipates a certain
state-contingent reference quality level and experiences gains or losses according to
whether his purchased quality exceeds or falls short of his reference point. Refer-
ence plans are assumed to be non-decreasing. Thus, a higher intrinsic valuation for
quality is associated with a higher anticipated quality outcome.? Following Tversky
and Kahneman (1991), we assume that consumers are loss-averse. Price discrimi-
nation takes reference dependence into account and reflects the interaction between
loss aversion and the traditional rent extraction and incentive compatibility trade-
off. We are able to derive the optimal contract menu for any monotone reference
plan. Our approach enables comparative statics analysis of the offered product line
and profits arising from changes in the reference plan, for example due to targeted
advertising.

In Section 3 we analyze the benchmark model under complete information. We
show how loss aversion invites upward distortions in the offered quality relative
to the loss-neutral case. This occurs, in particular, when buyers enter the market
with high reference quality levels: the first-best quality would fall short of the
reference level and the loss-averse consumer is willing to pay a premium to reduce
the associated loss. The firm exploits this by increasing both quality and price until
either these marginal gains are exhausted or the offered quality hits the reference
level, shutting down any further gains. In particular, over a wide range of states,
profit maximization implies matching reference qualities exactly. A similar logic
drives the comparative statics results. If the monopolist is able to inflate consumers’
reference levels, the effect would magnify upward distortions and increase profits.
While an empirical demonstration of inefficiently high quality offers is challenging,
our predictions could be used to indirectly test for loss aversion in the laboratory:
all else equal, loss-averse consumers respond to higher reference consumption points
differently than loss-neutral consumers.?

In Section 4 we turn to the incomplete information case. A contract menu is
now feasible if and only if it satisfies the incentive compatibility and participa-
tion constraints. Two new effects emerge, compared to the complete information
benchmark. First, the marginal profitability of increased quality is reduced due to
incentive issues familiar from traditional screening models. Higher quality levels are
more attractive to a #-consumer with low willingness to pay, but also to higher type
consumers to whom the monopolist was hoping to sell an even higher quality prod-
uct. The increase in revenues from the #-consumer are offset by information rents
ceded to these consumers. Reference dependence modifies this standard tradeoff
because for any given quality and reference levels, the higher type consumer expe-
riences a larger loss (or smaller gain) than the §-consumer. Thus, it is possible for
the firm to increase profits by expanding its product line to both high and low ends
of the market, in response to consumers’ high expectations. This loss aversion effect

2Note we allow for all consumers to share a common reference quality level. On the other hand,
monotone reference plans restrict how wrong buyers are allowed to be. A consumer with a low
signal, and consequently low intrinsic valuation, expects to buy as much quality as, but not more
than, a consumer with a high signal.

3These predictions are consistent with the findings of Heyman et al. (2004).
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can account for three part tariffs and other complex contract schemes that have be-
come increasingly popular among mobile phone operators, Internet providers, and
other subscription services,* when for instance, low type consumers overestimate
usage prior to choosing a contract.

The second effect is a novel distortion with no counterpart in loss-neutral screen-
ing model. Consider a monopolist contemplating increasing the quality ¢ offered
to a given f-consumer from just below his reference level to just above it. Such
a change has a discrete effect on the attractiveness of ¢ to consumers who have
higher willingness to pay, but whose reference levels are relatively similar, because
they would switch from the loss to the gains domain. As a result, the firm incurs
a discrete drop in profits. We quantify this [ump-sum incentive cost and show its
effects on the optimal contract design. It implies an additional downward distortion
in quality levels to consumers who would otherwise be offered products that surpass
their reference points, making the interaction between reference quality levels and
offered qualities quite complex.

The fact that the reference plan determines qualitative features of optimal con-
tracts leads to the question of belief manipulation. This issue is explored in Sec-
tion 5, where we impose ex-ante and ex-post consistency requirements on beliefs
about future consumption outcomes. A constant reference plan is ex-ante consis-
tent if it coincides, in expectations, with actual purchased quality levels. There are
many ex-ante consistent reference plans. We find that the firm has a unique pre-
ferred ex-ante consistent contract menu which is generated by the largest ex-ante
consistent reference plan. A monotone reference plan is ex-post consistent if it co-
incides pointwise (i.e., for every state realization) with actual quality consumption.
As in the previous case, there are many possible ex-post consistent reference plans.
Here we also show that the firm has a unique preferred ex-post consistent contract
menu. Intuitively, a higher (ex-ante) ex-post consistent reference plan increases the
net total willingness to pay, as it makes the outside option less desirable. In both
cases, preferred consistent contracts exclude fewer consumers from the market and
have quality levels distorted upward from second best levels under loss neutrality.
While these upward quality distortions improve allocative efficiency for low and
intermediate type consumers, under ex-post consistent contracts buyers with high
state parameters end up purchasing overly sophisticated goods.

In practice, firms can manipulate reference points through advertising and other
marketing practices.” Marketing efforts will be credible as long as they promote
optimal consistent contracts. A higher ex-ante or ex-post consistent reference plan
could improve or hurt consumer’s surplus —note we are comparing how different
consistent reference plans affect loss averse consumers. This is because in either case
a higher reference plan implies higher quality offers for (potentially more) active
consumers, which translates into more information rents to buyers with positive
consumption levels, but it also implies a lower the value of the outside option which
increases the net willingness to pay of active consumers.® We are able to specify
conditions under which the positive information rents effect associated with a higher

4See for example Lambrecht and Skiera (2006) and Lambrecht et al. (2007).

"Product shows in anticipation of market entrance are standard practice in luxury goods, cars,
and consumer electronics industries.

6We thank an anonymous referee for pointing out this effect, which was previously omitted from
our analysis.
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ex-post consistent reference plan dominates the negative participation effect. In
this case, the firm’s preferred self-confirming contract menu is also the consumer’s
preferred contract menu.

Section 6 offers some concluding remarks and a review of the related literature.
To facilitate exposition, we have gathered all proofs in Section 7.

2. PRICE DISCRIMINATION UNDER REFERENCE-DEPENDENT PREFERENCES

Our model builds on Mussa and Rosen (1978) and Maskin and Riley (1984), but
in our framework consumers derive utility from consumption and from comparisons
between consumption and a state-contingent reference point. Following Tversky
and Kahneman (1991), we consider loss-averse consumers.

2.1. The firm. A profit-maximizing monopolist produces a good of different char-
acteristics captured by the parameter ¢ > 0. This can be interpreted as either a
one-dimensional measure of quality (exclusive features in a luxury product line) or
quantity (amount of data offered by a mobile operator). Paying tribute to Mussa
and Rosen (1978), we maintain the first interpretation.

The cost of producing one unit of the good with quality ¢ is ¢(¢) > 0. We assume
that the cost function c(-) defined on Ry is (F1) increasing, with ¢(0) = 0; (F2)
twice continuously differentiable; and (F3) strongly convex, i.e., there exists € > 0
such that ¢’(q) > € for all ¢ > 0. The firm’s problem is to design an optimal menu
of posted quality—price pairs for potential buyers with differentiated demands.

2.2. Consumers. There is a continuum of consumers with quasi-linear preferences
and unit demands for the good offered by the firm. Preference heterogeneity de-
pends on the private type parameter § € © = [0, 0y], where 0 < 0, < Oy < +00.
The firm only knows the distribution F(-), with full support on © and positive
density f(-). We assume that the inverse hazard rate h(-) defined by

ho) = (1= F(0))/f(0)
is non-increasing and continuously differentiable.

The consumption valuation is a function m: R, x © — R. To avoid any com-
plication arising from the classical screening framework, we impose the following
regularity assumptions: (C1) m(-,-) is thrice continuously differentiable; (C2) for
all 0 € ©, 6 > 0, the function m(-,0) is strictly increasing and concave, with
m(0,0) = 0, moreover m(-, ;) is everywhere equal to zero; (C3) for every ¢ > 0,

m(q, -) is increasing; (C4) for all ¢ > 0 and all § € ©, § > 0, single crossing holds,
so that 9*m(q,0)/0q00 > 0; (C5) for all ¢ > 0 and 6 € O,

*m(q,0)/0q00*> < 0 and  9°m(q,0)/0¢*00 > 0,
and finally (C6) for all 0 € ©, 0 > 6,

. (9mle. ) L (9mle.0)
hm( o c(q)) > 0 and qEIJPoo( 20 d(q) ) < 0.

This specification includes, among others, Mussa and Rosen’s (1978) monopoly
model with linear consumption valuation and quadratic costs.” It ensures that the

q—0

"One can accommodate Maskin and Riley’s (1984) model by changing (C2) and (F3) to impose
strong concavity on m(-, ) and convexity on c(-).
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quality schedule that maximizes consumption surplus (virtual consumption surplus)
is continuously differentiable and increasing on ©.

2.3. Loss aversion. We step outside standard monopoly pricing theory to con-
sider buyers who exhibit reference-dependent preferences for the product attribute.
Specifically, a #-consumer derives additional utility from comparing ¢ to a type-
contingent reference quality level (6) > 0. A reference level may reflect (in)correct
subjective expectations of future consumption, may be determined by past expe-
riences or by current aspirational considerations. At this stage, it is convenient
to study a general reference formation process captured by the reference consump-
tion plan r: © — R,. We assume that r(-) is (R1) increasing; (R2) continuous
and piecewise continuously differentiable, and; (R3) admits bounded left and right
derivatives everywhere on ©.

Following Kd6szegi and Rabin (2006), comparisons between consumption out-
comes and reference points are evaluated in terms of the consumption valuation.
Note that we depart from their work in assuming that each buyer assesses ¢ rel-
ative to his own state-contingent reference level. The #-consumer has a gain-loss
valuation given by

X (m(Q79) - m(r(ﬁ),@)),
where = if ¢ > r(0) and p = n\ if ¢ < r(f). The parameter 1 > 0 is the weight
attached to the gain-loss valuation, and A > 1 is the loss aversion coefficient. Loss

neutrality (A = 1) is treated as the baseline scenario. The total valuation for the
f-consumer is then

m(q,0) + px (m(q,0) — m(r(0),0)).

A buyer’s outside option consists of purchasing a substitute good of minimal
quality in a secondary market. For simplicity, we let both quality and price of the
substitute good be equal to zero, so that #-consumer’s reservation utility equals
—nAm(r(6),0). Note this means buying the outside option feels like a loss.® His
net total valuation is then

v(q,0) = (L+p)m(q,0) + (A — p)ym(r(6),0),

1
with g =nif ¢ > r(8), p = nX if ¢ < r(6). (1)

Presented with a contract to buy quality ¢ at price p, a f-consumer chooses to do
so as long as his net total utility v(q, ) — p is non-negative. This constitutes the
(endogenous) participation constraint.

2.4. Comment. We provide the following interpretation of our framework. There
is a mass of ex ante identical consumers interacting with the firm on a given time
period. Prior to entering the market, consumers share a common reference plan
based on (correct or incorrect) subjective beliefs about future consumption out-
comes. Each consumer then receives a state signal that affects his willingness to
pay and fixes his reference level according to the common reference plan. The firm
only knows the distribution of signals. Thus, the firm designs a menu of individually
rational and incentive compatible contracts {g(6), p(0)}gco to maximize expected

8We are assuming here that the realization of a state, and consequent anticipation of consumption,
creates a ‘pseudo-endowment effect’; see Ariely and Simonson (2003).
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profits. Once contracts are posted, each buyer evaluates the quality offer of any con-
tract relative to his type-contingent reference level and makes purchasing decisions
accordingly.

The consumption valuation, the gain-loss valuation and the reference plan are
common knowledge —in other words, the firm is fully aware of the consumers’ be-
havioral bias. We take a partial equilibrium approach and ignore any budgetary
restriction on consumer’s behavior. Insofar as the total willingness to pay of loss-
averse consumers is influenced by the reference plan, we focus on allocative efficiency
alone when discussing welfare implications of loss aversion, considering loss neutral-
ity as the baseline scenario.

3. PRICE DISCRIMINATION UNDER COMPLETE INFORMATION

Fix a reference plan r(-). Let ¢(6) and p(#) be the quality and price offered to the
G-consumer. When types are observable, the firm sets p(6) = v(g(6),0) and earns
profits equal to the per-customer total surplus

T5(¢(0),0) = (1+p(0))m(q(0),0) + (nA — p(8)) m(r(6),0) — c(q(0)), @)
with p(0) = n if ¢(6) > r(0), (@) = n\ otherwise.

To find the profit-maximizing quality offer, define for € © and u € {n,n\}

S(q,0,p) = (L+p)m(q,0) — c(q),  and
70, ) = argmax 5(q,0, ).

Our assumptions imply that (-, x) is continuously differentiable and strictly in-
creasing. In particular, since m(-,#) is strictly increasing in ¢ for all § > 6,

0 < q@,n) < q0,n)\), for all @ € ©,60 > 0.

When A = 1, total surplus in Equation 2 is given by S(g,6,7n). In this case, the
first-best monopoly offer is (6, 7n), independently of r(#). We interpret g(#,n) as
the classic efficient (i.e., surplus maximizing) quality level under loss neutrality.

The solution of the firm’s problem when A > 1 is obtained by noticing that
TS(q(6),0) coincides with S(q(6),0,n\) when ¢(0) < r(f), and with a constant-
shifted S(q(0),0,n) when ¢(0) > r(#). Since S(-,0,7n) has a strictly smaller slope
than S(-,0,nA) for all 6 > 6, the total surplus function exhibits a kink at ¢ = r(9).
The quality level that maximizes profits is determined by the location of the kink
relative to the two maximizers g(,n) and (6, nA). Figure 1 provides an illustration.
If 7(0) is below q(60,n), profits are increasing at the kink point and the firm chooses
q(0,n) —Figure 1(A). If r(0) is above q(0,n)\), profits are decreasing at the kink
point and the firm chooses (6, n\) —Figure 1(B). If r(0) lies in intermediate ranges,
any deviation from the reference level hurts profits —Figure 1(C).

Proposition 1. For reference plan r(-) and X\ > 1, the complete information opti-
mal contract menu {q'*(0), p’*(0)}oco is given by

q(0,nA), if r(0) >q(0,n)),
¢*(0) = < r(0), if @(0,n\) > r(0) >q(0,n),
q0,n), ifg,n) >r),
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and
p"(0) = (1+u(0))m(q"(0),0) + (A — u(0)) m(r(6),0),
with 1(0) = n if ¢"°(0) > r(0), u(@) = n\ otherwise.

15(-,0)
oo ﬂ
B=nA re
fr = nA w=m
O a@m  a@n a0, a@uN 0)
(a) ¢’*(0) =q(9,n) (B) ¢7°(0) =q(0,n)\)
— 7—3(7‘9)
p=n
w=nA
RO R (XY

(©) ¢(0) =r(9)
F1GURE 1. The total surplus function 7:S(-, ).

Proposition 1 shows the effects of loss aversion on price discrimination in the
absence of screening issues. For a large reference quality level, the optimal quality is
in the domain of losses and the firm exploits consumer’s loss aversion by increasing
its offer from the classic efficient level to g(6,n\). For a low reference level, the
firm’s optimal quality will be in the domain of gains and therefore coincides with
the loss-neutral case. The reference plan entirely determines the shape of first-best
quality offers for intermediate ranges. Since the reference consumption plan may in
principle be very general, first-best contracts can take various shapes. In particular,
a constant reference plan generates pooling in the intermediate range of the first
best contracts. To understand these results better we spell out the comparative
statics effects of a change in the reference level.

Proposition 2. The following holds under complete information for A > 1.

1. Optimal quality offers are weakly greater than the loss-neutral efficient levels,
and strictly greater when r(0) > q(0,7n) and 0 > 0.

2. An increase in the reference level weakly increases the firm’s profits. The
effect is strict whenever q(6,n\) > r(6) and 0 > 6y,.

3. An increase in the reference level weakly increases the firm’s quality offer;
the effect is strict whenever q(0,n\) > r(0) > q(0,n) and 6 > 0r.

The key observation behind Proposition 2 is that a change in the reference level
affects how loss averse consumers evaluate not only the contracted quality but also
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the outside option. When r(6) < g(0,n) = ¢’°(#), the f-consumer compares his
outside option in the loss domain with the firm’s offer in the gains domain. An
increase in r(6) has countervailing effects: it increases the loss associated with the
outside option but reduces the gain associated with the contract. The net effect
expands the relative attractiveness of the contract: the quality offer is unchanged,
but the consumer’s willingness to pay, hence the optimal price, increases by

(nA —n)om(r(0),0)/0q.

As soon as the reference quality exceeds the loss-neutral efficient level, the latter
and the outside option are in the loss domain and any further increase in the
reference point reduces the value of both equally. However, since total surplus in
the loss domain rises more steeply, there are larger surplus gains from quality. The
firm captures these direct gains by increasing quality up to the reference level, which
raises profits by

(1 +n\)Im(r(9),0)/9q — ().

Once the reference quality exceeds G(6,n)\), all gains from loss aversion have
been exhausted and the firm’s offered quality and price are unaffected by further
increases in reference levels. Note that none of these results holds for A = 1. In
the loss neutrality case, the optimal contract for the #-consumer consist of quality
q(0,n) at price (1 +n)m(q(0,n),d), independently of r(0).

4. PRICE DISCRIMINATION UNDER INCOMPLETE INFORMATION

We now study optimal contract design design when the realization of the state
signal is private information. For the remainder of this section, we fix a reference
consumption plan r(-) and derive the optimal contract menu induced by it. In
Section 5 we focus on consistent reference plans.

4.1. The design problem. Given r(-), the firm’s problem is to choose a menu of
quality—price schedules {q(0), p(6) }sco that maximizes expected profits

e = [ {0) ety }ar )

oL,
subject to the incentive compatibility constraints:

v(g(0),0) — p(6) > v(q(h),0) — p(h),  forall 6,0 € ©; (3)
and the individual rationality constraints:
v(q(0),0) — p(@) > 0, for all 6 € ©. (4)

A contract menu {q(6), p(0)}yco that satisfies both constraints is said to be in-
centive feasible. When there is no risk of confusion, we denote by

u(d) = v(q(0),0) — p(0)
the indirect utility from an incentive feasible contract generated by 7(-).

From Equation 1, observe that the value of the gain-loss coefficient y takes in
each side of Eq. (3) may differ, as it depends on comparison of ¢(¢) with r(#) on
the left-hand side, and comparison of ¢(f) with r(#) on the right-hand side. Let
r(0) = q(f) and assume r(-) is strictly increasing around 6. Then p will change

depending on whether ¢(0) is selected by a lower type consumer who experiences a
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gain relative to his lower reference point, or a higher type consumer who experiences
a loss relative to her higher reference point. This sudden variation in the valuation
complicates the application of standard contract theoretic techniques, based on the
integral representation of incentive compatibility, to characterize incentive feasible
contracts. Figure 2 illustrates the source of the problem.

o b=q7'(r(0) 0 =q(r(®)
(A) Determinacy (B) Indeterminacy

FI1GURE 2. Standard techniques based on the envelope theorem may fail.

Given an incentive feasible menu, U(f) represents the maximum utility the 6-
consumer can obtain among all of the available options. Therefore, when we consider
any particular bundle (¢(6"), p(6’)) and plot the mapping

v(q(0),-) — p(6"),
the indirect utility U(-) must lie everywhere above it, and coincide with it at § = ¢’.
When, as in Figure 2(A), v(q(¢'),-) has partial derivative at #’, this pins down
the derivative of the indirect utility. If this is true almost everywhere, then by
the envelope theorem these partial derivatives can be integrated to recover U(-).
However, when ¢(6') = ('), the mapping v(q(#'),-) exhibits a kink at the point
6 = 0" and this can lead to an indeterminacy, as in Figure 2(B).”

On the other hand, v(q,-) has bounded left and right partial derivatives at each
0 € ©, denoted respectively by

ov(q,0)/00  and  dvt(q,0)/00.
For each ¢ > 0, we define the correspondence ¢(q, ) on © by
2(0,0) = {0€R | v¥(q,0)/00 < & < Ov(q,0)/00}.

When r(6) does not coincide with ¢, the partial derivative dv(q, 8)/00 exists. Hence
©(q, 0) is single-valued and given by

B (1+n)\)%‘g’a), if ¢ < r(9),
#la,0) = {(1%—77)% + (nA—n) L(m(r(6),0)), if ¢ >r(6). ()

When r(0) = ¢ and r(+) is strictly increasing at 0, ¢(q,0) is a closed, bounded
interval given by (see Section 7 for details)

Pla,0) = [(1+m0) 2880 (1) 2240 1 () = )% (m(r(6),0)] . (6)

9The reference plan is piecewise continuously differentiable, hence we omit discussion of kinks in
the valuation due to kinks in r(-). This is inconsequential for the optimal contract derivation.
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Because product quality is a choice variable, profit maximization may dictate
setting ¢(0) = r(0) for a subset of consumers of positive measure —this for instance
happens in the case of ex-post consistent reference plans analyzed in Section 5.2.
It follows that in equilibrium ¢(q(#), ) may be multi-valued and given by Eq. (6)
on a non-negligible subset of ©. We therefore characterize incentive feasible con-
tracts based on an integral monotonicity condition and a generalization of the Mir-
rlees representation of the indirect utility.'” Given a (measurable) quality schedule
q: ® — R, its associated correspondence ¢(q(+),-) is non empty-valued, closed-
valued, bounded and measurable. Thus, it admits integrable selections which we
denote by d(q(+),-).

Proposition 3. The menu {q(0),p(0)}yco with associated indirect utility U(-) is
incentive feasible if, and only if, there exists an integrable selection 6(q(-),-) of the
correspondence o(q(-),-) for which the following conditions are satisfied.
(a) Integral monotonicity: for all 0',0" € ©,
0//

v(q(6"),0") — v(q(8"),0") > /5(61(9),5) i > v(q(t),0") — v(a(¥).0").
6/
(b) Generalized Mirrlees representation: for all § € O,
o
Uo) = Uer) + [ ola(d),8)dd.
0r,

(c) Participation of the 0-consumer: U(0;) > 0.

We employ Proposition 3 to reformulate the firm’s objective function in terms
of a generalized virtual surplus. Ignoring momentarily the restrictions imposed
by integral monotonicity, from the participation constraint one has U(6;) = 0 in
equilibrium. The generalized Mirrlees equation yields

0
p(0) = v(q(0),0) — / 5(q(@).8)d,  forall 6 € O. (1)
0r,

Denote by p(6) the value of the gain-loss coefficient when the §-consumer selects
the bundle (¢(#),p(#)). From Equations (6) and (7) it is clear that the firm uses
the smallest possible selection, namely

(a®).0) = (1+u0) LD 4 (= w0) (0.0,

with u(0) = n if ¢(0) > r(0) and u(0) = nA otherwise.

Using Eq. (8) in Eq. (7), replacing the resulting equation in the expression for
expected profits, and integrating by parts, we obtain expected profits in terms of
the wvirtual consumption valuation m*(q,0) = m(q,0) — h(0)0m(q, 0)/00:

Om
e = / {(1+ 1(0) m*(a(8),0) + (1A — u(6) m" (r(6),0) — c(a(9))

— (3= 0) 1(0) 22O )Y apgo)

10g¢e Carbajal and Ely (2013) for a general characterization of incentive compatible mechanisms
when the valuation function fails to be convex or differentiable in types.
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The first line in the integrand of the above equation is the wvirtual total surplus
from the f-consumer, and denoted accordingly by 7:5*(q(#),6). It expresses the
trade-off between marginal and infra-marginal revenues that the monopolist faces
when increasing the quality allocated to this buyer. The second line, which we
denote by LS(q(#),0), captures a novel effect in optimal contract design due to loss
aversion. Write the firm’s objective function as

O
= [1s(6).0) — 15(0).0)} r ) 9
3
The next step of the analysis is to understand the tradeoffs that stem from the
interaction between the two components of the firm’s profits.

4.2. The optimal contract menu. The monopolist’s problem is to find a quality
schedule ¢(-) that maximizes expected profits in Equation 9, subject to the integral
monotonicity condition.!! We solve it in a way that parallels the complete informa-
tion case to illuminate the new aspects arising from loss aversion. Define for § € ©

and p € {n,nA}
S*(g,0,p) = (L+p)m*(q,0) — c(g)  and
g0, p) = arg max S5*(q,0, ).

Our assumptions ensure that S*(-,6, ) is strongly concave. Moreover, ¢*(-, i) is
continuously differentiable, except possibly at a type at which it turns from zero
into positive, and strictly increasing when it attains positive values. Also

0 < q¢(0,m) < q¢"(0,n\), foralldeoO,

with the last inequality strict for all types for which ¢*(6, 1)) is strictly positive.

Analogously to the complete information setting (c.f. Figure 1), TS*(q, ) coin-
cides with S*(q,0,n\) when ¢ < r(f) and with an appropriate shift of S*(q,0,7n)
when ¢ > r(0). In particular, for a fixed 6 € ©, TS*(-,0) is continuous in ¢ but
kinked at ¢ = r(#), and achieves its maximum at one of three points,

q(0,n\), ¢*(0,n), or r(0),

depending on the position of r(#) relative to ¢*(0,n) and ¢*(6,n\). Therefore,
a maximization based on the surplus component of the firm’s objective function
develops similarly to the complete information case, with the virtual total surplus
accounting for screening-based incentive effects on top of the loss aversion effects.
To gain insights on the second component of the firm’s objective, notice that

L5(q,0) = {(nA—n)h(e)%?mr,(g)’ if ¢ > r(0),

0, if ¢ <r(0). (10

Thus, LS(q, ) represents a lump-sum cost incurred whenever the firm'’s offer exceeds
the consumer’s reference point. Increasing ¢(6) above r(#) moves 0’s valuation from
the loss domain to the gains domain, and this creates additional costs because the
f-consumer, whose reference level 7(6) is above r(6) but below ¢(0), now views offer

Hyerifying part (a) of Proposition 3 is complicated by the fact that the optimal selection changes
depending on whether the quality offer is greater or less than the reference level. We defer this
step entirely to Section 7.
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q(0) as a gain instead of a loss. It follows that the value this consumer attaches to
quality offer ¢(0) suffers a discrete change, measured by

(nA —n) m(r(6),6).

Thus, in equilibrium, LS(q(#),0) represents the extra rents ceded to higher type
consumers to discourage them from choosing ¢(#), when this offer appears in the
gains domain for these consumers.

The combined effect of TS*(q,0) and LS(q,0) in the objective function implies
that there is now, in addition to the kink at r(6), a discontinuous jump downward
(see Figure 3 below). We sketch the general solution to the firm’s design problem
below, leaving formal arguments for Section 7.

Case 1. If r(0) > ¢*(6,n\), then the latter constitutes the optimal offer. This is
because ¢*(0,n\) is now the unique maximizer of 75*(q,#) and the lump-sum cost
is zero. See Figure 3(A).

Case 2. 1If ¢*(0,m\) > r(0) > ¢*(0,n), the optimal offer is r(f). In this case
TS5*(q,0) is strictly decreasing for qualities above the reference point, and strictly
increasing for qualities below the reference point, and the lump-sum cost is zero.
See Figure 3(B).

Case 3. If ¢*(0,n) > r(0), the optimal offer is either ¢*(6,7) or r(6). The unique
maximizer of TS*(q,0) is ¢*(0,n), but now LS(q¢*(0,n),0) is active. Thus, there
is a tradeoff between choosing ¢*(6,7) to capture efficiency gains and associated
marginal revenues, or eschewing these and relaxing incentive constraints by offering
r(0) to ensure that this quality offer is viewed as a loss by higher types. When ()
is below but near ¢*(6,n), efficiency gains are small, hence the firm is more likely to
offer r(#). For larger differences between ¢*(6,7) and r(6), the optimal choice may
go the other way. This is illustrated in Figure 3(C-D).

Incentive compatibility implies that the quality schedule must be monotone.
Thus, for any subinterval ©. C © with ¢*(0,n) > r(0), the optimal offer corre-
sponds to one of the following possibilities: either it assigns ¢*(6,7n) for all § € O,;
or it assigns r(€) for all § € O,; or there exists a cutoff 6. € ©, such that the firm
offers r(0) to each #-consumer below 6., and ¢*(6,7n) to each #-consumer above ..
Which is chosen by the firm depends on the details of the model.

Proposition 4. Fiz a reference plan r(-) and X > 1. The optimal incentive feasible
menu {q**(0), p**(0) }geco is given by

g (0,nA), if r(0) > q*(0,n)),

sy ) r(0), if ¢ (0,nA) = r(0) > q*(0,n),
a(6) = r(6), if ¢*(0,n) > r(0) and 0 < 0., (11)
q*(0,n), ifq*(6,n) >r(0) and 6 > 6.,

with 0, € clO,. for any subinterval ©. C O for which ¢*(8,n) > r(0), and

0

p6) = v(g™(6).6) / 5(¢"(6). 6) do, (12)

0r,

where the optimal selection in the price schedule is as in Equation 8.
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We point out that in the above result, there may be finitely many subintervals
©. C O for which ¢*(0,n) > r(#), and each of these can be partitioned by a cutoff
type 0. as described in Equation 11. See the proof for details.

p:n)\: P w=nA w=n
On) qOnN 10 7 @) r(0) ¢ G
(A) ¢°°(0) = q*(0,n)) (B) ¢°*(0) = r(0)

=nA

TOREACT) ORACE)
(©) ¢**(0) = q*(0.n) (D) ¢°*(0) =r(0)

FiGURE 3. The profit-maximizing quality is determined by the po-
sition and magnitude of the jump

The specifics of price discrimination under loss aversion exhibit novel elements,
compared to the loss-neutral case. High reference plans for low type consumers gen-
erate allocative efficiency gains as optimal offers get closer to the efficient qualities.
In particular, there may be an increase in market coverage. High reference plans
for high type consumers, on the other hand, generate quality distortions above and
beyond the efficient levels. Moreover, it is possible that for a non-negligible sub-
set of buyers, the optimal quality schedule is determined entirely by the reference
plan. This implies that optimal contract menu may exhibit a degree of complex-
ity —pooling for some mid-range consumers, preceded and followed by separating
contracts, discontinuities in the optimal quality schedule— that responds entirely
to the reference consumption plan, and not to especial features of the cost function
or the distribution of types.

Corollary 1. The following holds for A > 1 and 6 € ©.

1. Downward distortions. If r(#) is weakly below q*(6,7m), then so is ¢**(6).

2. Efficiency gains. If r(0) lies between q*(6,m) and q(0,n), then so does ¢°*(6).

3. Upward distortions. If G(6,n) < ¢*(0,n)\) and r(0) lies above q(6,7n), then
so does ¢*°(0).

As in the complete information case, we stress the fact that none of these results
are obtained under loss neutrality. When A = 1, the optimal quality schedule is
¢**(-) = ¢*(+,n), independently of the reference plan.
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4.3. Application. We consider the following specification to obtain an explicit
solution to the monopolist’s problem. States are uniformly distributed on © = [1, 2J;
consumers have a linear consumption valuation m(q, ) = 6q; and the firm’s cost
function is ¢(q) = ¢*/2 + q. The pointwise objective function consists of

T5*(q,0) = (1+p)(20 =2)g — ¢°/2 — ¢ + (A — p)(20 — 2)r(0), and
LS(q.0) = (n\— pu)(2—0)0r'(9).

Let 0, = (34 2u)/(2+2p), for p € {n,nA}. Observe 0, < 6,. Readily, one obtains

o [0 if1<0<9,
T = Y0+ weo—2) -1, if6,<0<2,

as the quality level that maximizes S*(q, 6, u).

To highlight the effects of the reference consumption plan in terms of optimal
design, here we consider three different plans. Under the first one, consumers naively
believe the firm will offer the (ex ante) expected first best quality level under loss
neutrality: r1(#) = (14+7)3/2—1. Under the second one, consumers anticipate first
best offers: r9(6) = G(0,n) = (1 4+ n)0 — 1. From Proposition 4, the optimal quality
schedule ¢°(-) associated with the reference plan 7;(-) is given, respectively, by

¢0) = ri(0), if 0, <6 <6,
q*<977]>7 lf 51 S 6 S 27

where 0, = (7 +4n\ +3n)/(4 +4n)), 6, = 7/4, and

sb q*(eanA)a if 1 S 0 S 027
g (0) = : .
TQ(Q), lf 62 S 9 S 2,

where 6y = (2 +2nA) /(1 + 2nA —n).

Consider a third reference plan defined by r3(0) = r1(0)/2 + ro(6)/2. An inter-
pretation is that each #-consumer puts equal weight into his reference point being
the loss-neutral efficient quality level, given his type, and the average efficient qual-
ity. The optimal offer to consumers with reference qualities below ¢*(-,7) depends
on the trade-off between efficiency gains and the lump-sum cost triggered by loss
aversion. For such consumers, the difference between profits at r3(6) and u = n,
and profits at ¢*(0;n) and p = n (cf. Equation 20 in Section 7) is given by:

Ars(0),q"(0,m) = LA+n)A—n)(2—0)0 — L(1+n)?(30 — L)*.

Note that 73(-) and ¢*(-,n) intersect at # = 11/6. One has that the difference
in profits at # = 11/6 is strictly positive and the difference in profits at 0y = 2 is
strictly negative. Since this profit difference, as a function of types, is continuous
and strictly decreasing for all types greater than 11/6, it follows that there exists
a unique cutoff 03 such that A(r3(6s),¢*(03)) = 0. For consumers to the left of 05,
the optimal qualities coincide with reference levels and is below quality schedule
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q* ('7 77>‘)

(%

FIGURE 4. The optimal quality schedule ¢® for reference plan 7;.

q*(-,m). The optimal quality schedule under rs(-) is:

g3 (0) = < r3(0), if 05 < 0 < 05,
q*(07n>7 1f§3 SQS 27
where 65 = (11 + 89\ — 3n)/(6 + 8nA — 27).
Finally, we stress that in contrast with the case of reference independent pref-

erences, none of these menus can be implemented using a single family of linear
prices.?

5. CONSISTENT REFERENCE PLANS

The analysis of Section 4 allows for differences between optimal offers and ref-
erence levels expected by consumers. In this section we focus on correct belief
formation, ruling out inconsistencies between expectation-based reference qualities
and purchased qualities. We consider ex-ante and ex-post consistent reference plans
and study their effects on profits and contracts. It will be clear from the exposition

2Details are available from the authors upon request.
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below that in both cases the lump-sum cost vanishes in equilibrium, which simpli-
fies the construction of optimal contracts. However, ex-post consistent reference
plans require the generalized envelope techniques previously developed as in this
case quality purchased at every state will be equal to the reference level —hence
the correspondence ¢(q(+),-) is multi-valued for a set of types of positive measure.

5.1. Ex-ante consistent reference plans. When the reference plan r(-) is a con-
stant function, we slightly abuse notation and write r(-) = r. From Proposition 4,
r generates an optimal menu {g**(6), p**(0)}gco for which

g (0,mN), ifr>q*(0,n\),
¢’(0) = if ¢*(0,7\) > > ¢*(0,7),
q(0.n), iftg(0.n)>r
This follows because the lump-sum cost is zero when all consumers share the same
reference point (cf. Equation 10).
A reference plan r is said to be ex-ante consistent if it generates an optimal
quality schedule ¢*°(-) that satisfies
r = E[¢"(9)]. (13)

We claim that the set of ex-ante consistent reference plans is non-empty. The null
reference plan ro = 0 generates the optimal schedule ¢*(-, 7). Any constant reference
plan 7 > ¢*(0y,n\) induces the optimal schedule ¢*(-,n\). Thus, without loss of
generality we restrict our analysis to constant reference plans lying between 0 and

¢ (O, mA)-

Fix such constant reference plan r. Since ¢*(6,7)\) > ¢*(6,n) for all § and both
q*(-,n\) and ¢*(+, n) are increasing functions, it is immediate to see that r determines
two cut-off types

1(r) and T7(r), with 0p < 71(r) < 1(r) < 0y,
via the following relations
¢ (m(r),nA) —r =0 and  ¢"(r2(r),n) —r = 0.
We can express the optimal quality schedule generated by r, which to be able to
perform comparative statics we denote now by ¢*°(-;r), as
q*(ea 77)\)7 for 6 < Tl(r)a
¢O;r) = S for 7 (r) < 0 < (1),
q*(0,n), for m(r) < 6.
A standard application of the implicit function theorem permits us to deduce the

continuity of the mappings 7 (-) and 75(-) on the interval [0, ¢* (0, n))]. We express
the expected quality schedule as a function of r by

71(r) T2(7) O
E[qu(Q;r)} = /9 g (0,m\)dF(0) + /T(r)rdF(Q) + /T(r)q*(Q,n)dF(H). (14)

It follows that E [¢**(¢;-)] is a continuous function of r on the closed interval
[0, ¢* (0, nA\)]. Moreover, we have that

E [¢*(6;0)] = Elg"(6;m)] > 0
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and
E [¢*(0;¢"(0n,n\)] = Elg"(0,0N)] < ¢"(0u,n)).

By continuity of E [qu(é’; )}, there must exist a fixed point 0 < r < ¢*(0y,n\)
that solves Equation 13. This argument shows that the set of ex-ante consistent
reference is non-empty.
Let r be an ex-ante consistent reference plan. From Equation 14, we obtain that
F(ri(r)) ]
ro= F(r(r) + 1 — F(ra(r)) E[g"(0;nA) | 0 < ma(r)]
1 — F(ny(r))
F(ri(r)) +1— F(r2(r))

Thus, r can be interpreted as a weighted average between the expected quality
schedule that maximizes virtual surplus S*(q,,n\) for types below 71(r), and ex-
pected quality schedule that maximizes S*(q, 8, n) for types above 75(r). A higher
ex-ante consistent plan increases the weight assigned to the former, thus generating
efficiency gains for the firm, which increase expected profits. Because the set of
ex-ante consistent plans is compact (see Section 7), we obtain the following.

E[q"(0;n) | 0 > 7ao(r)] .

Proposition 5. Under complete information and for X\ > 1, the unique preferred
ex-ante consistent quality schedule for the firm is generated by the largest ex-ante
consistent reference plan.

The effect of a higher r on consumer’s welfare depends on whether or not a
higher reference plan leads to changes in optimal offers. For intermediate types it
may be possible that a higher reference plan yields to higher quality consumption
and, when the effects of single crossing are constant throughout consumption levels,
this will increase consumer welfare. Things are different for low type and high type
consumers. In particular, given two ex-ante consistent plans 7 and r satisfying
7 > r, we have that all consumers with types below 71 (r) and above 75(#) maintain
the same purchased quality, namely ¢*(6,nA) in the first case and ¢*(6,7) in the
second, under either of the reference plans. However, the utility of these consumers
net of the value of the outside option is lower under 7 (see the left-hand side of
Equation 15), so these consumers are worse off.

5.2. Ex-post consistent reference plans. A reference plan r() is said to be
ex-post consistent if the optimal quality schedule it generates satisfies

¢*0) = r(0), for all # € ©.

In this case, buyers correctly anticipate their future consumption outcomes and
take those expectations as their reference points. We refer to both an ex-post
consistent plan and its associated optimal quality schedule by r(-). The set of ex-
post consistent reference plans is clearly non-empty: from Proposition 4, it contains
every plan 7(-) for which ¢*(0,n) < 7(0) < ¢*(0,n)), for all § € O©.

Given this multiplicity, we ask which is the monopolist’s preferred ex-post con-
sistent reference plan. From Equation 9, given ex-post consistent plan r(-), per-
customer profits are given by

TS*(r(0),0) = S*(r(0),0,n\) = (L+n\)m*(r(0),0) — c(r(d)).
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This expression is strictly increasing in r(6) for all 0 < r(0) < ¢*(0, 7)), and attains
a unique maximum at ¢*(0,n\). It follows that the reference plan

() = ¢ (nA)
constitutes the unique preferred ex-post consistent plan for the monopolist.

A higher ex-post consistent reference plan generates two opposite effects on con-
sumer’s welfare. First, an increase in the reference point (and consequently higher
offer) increases the informational rents that the monopolist transfers to active buy-
ers. Second, an increase in the reference point lowers the value of the outside
option, which means that active buyers are worse off (in an ex-post consistent con-
tract menu, non-active buyers expect to be excluded from the market). To analyze
these countervailing forces, notice that because p(f) = nA holds at every state,
the indirect utility for every #-consumer after discounting the value of the outside
option is

0 mir 9). 0 ~
U(0) — nhm(r(6),8) — /9 w(w (15)
o 8m(r(§), é) om(r(0), é) ~
" nA/eL{ 90 a a0 }de'

See Equations (1), (8), condition (b) of Proposition 3, and recall that m(-,0) is
everywhere zero by (C2).

The first integral in the right-hand side of this expression captures the standard
informational rents resulting from the screening process. It is positive for consumers
buying a positive quality offer, and because of single crossing, its value increases with
a higher reference plan. The second integral captures the value of the informational
rents vis-a-vis the participation rents that the consumer concedes to the firm to
avoid the outside option. Overall, the impact of a higher reference plan depends
on the interaction of these two terms. However, when the effects of single crossing
are independent of consumption levels, active consumers are also better off with a
higher reference plan.

Proposition 6. The following holds under incomplete information and A > 1.

1. The unique preferred ez-post consistent menu for the firm is ¢*(-,n\).
2. If 8*m(q,0)/0q00 is constant in q for all § € O, then the unique preferred
ex-post consistent menu for consumers is ¢*(-,n\).

This result merits some comments. First, with the preferred contract menu, there
are allocative efficiency gains for all f-consumers for whom ¢*(#,n)\) lies strictly
above ¢*(0,n) —the optimal quality offered to loss-neutral consumers— but below
q(0,n) —the efficient quality for loss-neutral consumers. The @-consumers with
q*(0,n\) > q(0,7n) on the other hand end up purchasing excessive quality levels.

Second, notice that the firm exploits consumers’ loss aversion in two different,
albeit related ways. A higher reference plan reduces the value of the outside option,
thus driving up overall net (virtual) consumer surplus. But also, by offering a
quality level equal to the consumer’s reference point, the firm takes advantage of
the higher marginal willingness to pay for each additional unit of quality, which is
captured in the choice of the selection used in the Mirrlees representation of the
indirect utility to construct the optimal price schedule in Equation 12.
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Third, that consumers also prefer ¢*(-, n\) is somewhat counterintuitive. A higher
reference point diminishes the attractiveness of the outside option, which increases
the willingness to pay for quality in the primary market served by the firm (we are
ignoring budgetary restrictions from the part of the consumers). Under incomplete
information, the firm has to pass some of the extra surplus to consumers in the form
of information rents, which are increasing in quality. When the effects of the single
crossing conditions are constant, the information rents ceded by the firm to active
consumers exceeds the extra participation rents extracted from those consumers
when the value of the outside option worsens. Thus, active consumers are better
off with a higher ex-post consistent reference plan.

6. CONCLUDING REMARKS

In this paper, we study optimal contract design by a revenue maximizing mo-
nopolist who faces loss-averse consumers. We find that, while general insights from
standard price discrimination models are present, the reference consumption plan
exerts considerable influence in specifics of the optimal contracts. This is due to the
appearance of new effects generated by loss aversion under complete and incomplete
information. Thus, depending on how potential buyers form their expectations of
quality consumption, optimal contract menus may exhibit various distinct features
—pooling for intermediate consumers, some discontinuities, efficiency gains, up-
ward distortions from efficiency levels, etc. The expanded range of the optimal
contracts is consistent with stylised observations in some industries (e.g., mobile
communication, consumer electronics, luxury goods, etc.).

Most of the older empirical literature testing reference-dependent price and qual-
ity effects consider memory-based models of reference point formation process, e.g.,
Hardie et al. (1993), Briesch et al. (1997), etc. There is however recent evidence of
expectation-based reference points in effort provision both in the field, e.g., Craw-
ford and Meng (2011) and Pope and Schweitzer (2011), and in the laboratory, e.g.,
Abeler et al. (2011) and Gill and Prowse (2012). In our monopoly pricing model
with state-contingent reference qualities, there is a multiplicity of expectations-
based, consistent reference consumption plans, both in the ex-ante and ex-post
sense, many of which do not rule out marked complexities in optimal contracts. On
the other hand, the firm’s preferred ex-ante and ex-post consistent contracts exhibit
(allocative) efficiency gains and an increased coverage at the low end of the market,
and in the ex-post case an excess supply of quality compared to the efficient quality
levels for the high end of the market.

There are various ways in which the firm may induce consumers to adopt its pre-
ferred reference plan, for instance by announcing salient characteristics of a product
line prior to actual market introduction (with no mention of prices). This seems
in accord with marketing practices spread across certain industries, where both
product announcements and advertising campaigns tend to precede actual market
introduction and stress quality attributes over prices. Thus, it is important to un-
derstand how, in practice, consumers’ (correct) expectations of future consumption
are influenced by these marketing campaigns, and by fashion and trend cycles, peer
pressure, etc. This is specially important in settings where there is short product
cycles due to innovation, or in environments of oligopolistic competition where there
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may be more than one product attribute dimension that can be used as a tool to
enter the market. We leave these questions for future research.

Related literature

Our work adds to the literature that investigates how profit maximizing firms
operate in a market where consumers have systematic deviations from traditional
preferences —see DellaVigna and Malmendier (2004), Eliaz and Spiegler (2006),
Heidhues and K6szegi (2008) Galperti (2014) and Grubb (2009), among others.

Following Készegi and Rabin (2006), we model the gain-loss valuation in terms
of differences in the consumption valuation, but we differ in how comparisons take
place. In some contexts it is reasonable to assume, as K&szegi and Rabin (2006) and
Heidhues and Készegi (2014), that all buyers share an ex ante stochastic reference
point and evaluate each realization of stochastic consumption with each realization
of the reference point. However, in other situations it is more appropriate to let
each buyer assess his quality consumption relative to his state-contingent reference
quality level, and this is the approach we follow here. Our work in this respect is
closer to Sugden (2003); see also De Giorgi and Post (2011). Recent papers that
follow K6szegi and Rabin’s (2006) approach include Rosato (2014), who studies how
bait-and-switch tactics manipulate reference points and raise profits even when
consumers rationally expect the bait and switch; Hahn et al. (2014), who study
non-linear pricing when consumers form reference points at an ex ante stage before
learning their valuation but anticipating the eventual type-dependent consumption;
and Eisenhuth (2012), who looks at optimal auctions for bidders with expectations-
based reference points —see also Lange and Ratan (2010).

Our work also is related to Orhun (2009), who considers a two-type model in
which the reference point of the high-type consumer is influenced by the quality
offered to the low-type consumer and vice versa. We consider contract design in
response to an arbitrary reference plan, which enables us to study the monopolist’s
incentives tomanipulate reference points, perhaps via advertising. Karle (2014)
studies advertising to loss-averse consumers using a model of expectations-based
reference point formation a la Készegi and Rabin (2006). In his model, advertising
creates uncertainty about future consumption and this impacts reference point for-
mation, whereas the logic of our model indicates that the firm will try to drive up
each consumer’s reference quality level unambiguously.

Throughout this paper, we model reference points in terms of quality levels,
departing from recent work in the area such as Herweg and Mierendorff (2013)
and Spiegler (2012) that specifies reference points in terms of prices. Despite the
evidence supporting the existence of reference price effects on consumer behavior,
empirical work from the marketing literature suggests that loss aversion on product
quality is at least as important as, if not more important than, loss aversion in
prices.!® This point is also suggested by experimental data reported by Fogel et al.
(2004), who confirm the existence of loss aversion for quality in a laboratory setting,
and Novemsky and Kahneman (2005), who stress that there is no loss aversion for
monetary transactions that are expected to occur and thus accounted for.

13See Hardie et al. (1993) for instance.
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7. PROOFS

Proof of Proposition 1.
Fix § € © and suppose that r(6) > g(0,n\). The unique maximum of the profit
function in Eq. (2) with p(0) = n\ is (6, nA), which generates profits equal to

T5(q(0,nA),0) = (1+nA)m(q(0,nA),0) — c(q(f,mA)). (16)

Choosing any g < r(#) does not change the objective function and strictly reduces
profits. Choosing an alternative ¢ > r() shifts the objective function in Eq. (2)
to incorporate u(6) = n instead of p(0) = nA. Since r(0) > g(0,n), the monopolist
would choose a deviation to ¢ = r(#) with associated profits

(1+nA)m(r(0),0) — c(r(0)) < TS(q(6,n\),0).

Hence, the firm has no profitable deviation.
Showing that the profit maximizing quality is g(6, n) when r(0) < g(6,n) is similar
and therefore omitted. In this case, profits are

1S(q(0,m),0) = (1+n)m(q@,n),0) + (nA —n)m(r(0),0) — c(@@,mn)). (17)

Now suppose that g(0,n) < r(0) < g(0,n)\). Choosing ¢ > r(0) yields u(0) = n
in Eq. (2), and thus we are in the strictly decreasing part of the total surplus.
Similarly, choosing ¢ < r(0) yields u(f) = nX in Eq. (2), so that we are now in the
strictly increasing section of the total surplus. It follows that the profit maximizing
quality is 7(€), which generates profits equal to

TS(r(0),0) = (14+nX\)m(r(0),0) — c(r(9)). (18)
This completes the proof. U

Proof of Proposition 2.
1. Immediately from Proposition 1.

2-3. Assume that r(0) < q(6,n) = ¢/°(#). The optimal profits from the f-consumer
are given by Eq. (17). Increasing the reference level to r(0) < 7(0) < q(0,n) does
not change the offered quality but strictly increases profits, as m(-,6) is strictly
increasing in its first argument for all § > ;.. When g(0,7) < r(0) = ¢/°(0) <
q(0,n\), optimal profits are given by Eq. (18). Thus, an increase in the reference
level to r(0) < 7(0) < q(6,nA) strictly increases the offer to the new reference point
and strictly raises profits, since

(1+n\)m(r(0),0)/0qg — (r(0)) > 0.

Finally, when r(0) > G(0,n)), optimal profits are given by Eq. (16). Thus, an
increase in the reference level alters neither the optimal offer nor profits. U

Derivation of Equation 5 and Equation 6.

Fix a quality level ¢ > 0 and assume that r(-) is strictly increasing around f € int ©
(the other cases are similar). For any 6 € ©, let 1(q,6) € {n,n\} denote the value
that u attains when comparing ¢ to r(#). The net total valuation as a function of
types is given by:

v(q,0) = (14 p(g,0))m(q,0) + (nA — pu(q,0)) m(r(0),0),

1
where 1(q,0) =nif ¢ > r(0) and u(q,0) = nX if ¢ < r(0). (19)
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By assumption, r(-) piecewise continuously differentiable, hence we omit discus-
sion of kinks in the valuation due to kinks in 7(+). This will not have any consequence
on the derivation of optimal contract menu. The function v(g,-) in Eq. (19) has

bounded right and left partial derivatives at 6 defined, respectively, by:
+( A A P - A~ /A ~ o ~
0(q,0) _ i, 020 —v(@.0)  ovT(6.60) _ . v(d.6) — v(g,0)
00 016 0—0 o0 616 0—10

~ ~ ~

Suppose first that T(é) > ¢. Then for all types 6 sufficiently close to é, one has

~

w1(q,0) = p(q,0) = nA. It follows that

~ ~ ~

o3, v (@d) om(4,0)
7 I i G20 R 7t

Suppose next that r(é) < §. Then for all 6 sufficiently close to 6, one has w(q,0) =
1(q,0) = n. It follows that

~ ~

av+a(g,9) _ av_a(gﬂg) - (1+77)w + (ﬁ)\—n)%(m(r(é),é)).

Finally, suppose that 7(f) = §. Note that for & < 6 < 6", one has u(§,0') =7

~

and 1(q,0) = 1(q,0") = nA. We obtain

P — i {1 (@ 0)(d.0) + 07— (3.0)m(r(6).0)
= (14 (@, 0)m(d,0) — (A = p(d.))m(r(9),0) }
—10112(1_}'77)\) 0 = (L+nA) 0
and similarly
P — i {0 @ 6) + () = (r(6),0)
— (L+nm(@.0) £ nm(3,0)}
_ m(@,0) —m(@.0) (1(6),0) = m(r(6).6)
—lglg(lJrn) P +191gl(nk—n) .y
= (1) 2D ) L (n(r(6).0)
Note that
Pond 2D - D) < o

Thus, for the é—consumer, one has that ¢(q, é) is equal to the non-empty closed
interval

A~

(L) 228800 (14 )20+ (g\ = ) (m(r(0),0)) |

which collapses to a single point when /(6) = 0. O
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Proof of Proposition 3.

The equivalence between incentive compatibility of the menu {q(8),p(0)}¢co and
parts (a) and (b) follow from Theorem 1 in Carbajal and Ely (2013). Condition (c)
clearly holds when contracts are individually rational. Suppose now that (c) is also
in place. Using condition (b) we express

0
U0) = U0L) + [ 0(q(6),0)do
or
for any 6-consumer. From Eq. (5) and (6), any integrable selection is such that
3(q(+),-) > 0 everywhere, so U(f) > 0 follows readily. O

Proof of Proposition 4.
Case 1. Suppose that one has r(0) > ¢*(,n\). The unique maximizer of the
integrand in the profit function of Eq. (9) with p(0) = nXis ¢*(6,nA). Any deviation
to an alternative ¢ < r(6) hurts profits as it decreases virtual total surplus without
changing the lump-sum cost, which remains at zero. Now consider a deviation
to ¢ > r(f), which switches p(6) in the objective function from nA to 7. Since
r(#) > ¢*(0,n), it follows by the strong concavity of S*(-,0;n) that the optimal
deviation in this case is § = r(f). The difference between profits at r(f) and
1(0) = nA, and profits at r(#) and p(0) = n is given by:

o~ n(6) 0D ) 5

dq

It follows that profits at ¢*°(0) = ¢*(6, 7)) and p(6) = n) are strictly greater than
profits at 7(0) and p(d) = nA, which in turn are greater than profits at () and
() =n.
Case 2. Suppose that ¢*(6,7\) > r(0) > ¢*(0,n). Consider an alternative quality ¢
such that ¢ > r(6) > ¢*(0,n). The integrand of Eq. (9) has u(f) = n for any such
q, so that the lump-sump cost is active. Clearly, profits are strictly decreasing in
quality as long as ¢ > r(#), so there is no upward profitable deviation. One can use
a similar argument to show that there is no downward profitable deviation from
r(6), as any deviation to ¢ < r(6) has u(#) = nA. Therefore ¢**(6) = r(0) is optimal
the optimal quality offer.
Case 3. Suppose that ¢*(6,7) > r(0). As before, the unique maximizer of the
integrand of the profit function in Eq. (9) with u(0) = n is ¢*(6,7n). Any deviation
to a quality level ¢ > r(f) does not change the value of p(#) to nA and thus will
only decrease profits. Among deviations from ¢*(6,7) to quality levels ¢ < r(6)
that change the parameter p(6) to nA, thus avoiding the lump-sum cost, the one
generating the highest profits is ¢ = r(#). The difference between profits at r(#)
with associated u(f) = nA and profits at ¢*(0,n) with associated p(f) = n is

A®).q°O.m) = (g — n>h<e>%§”’9)r'w> (20)

o {S*(q*(9777)767n) o S*<7’(¢9),6’7))}

The sign of the above expression depends on the difference between gains associ-
ated with offering a quality level r(#) and avoiding the lump-sum transfer to higher
type consumers, and efficiency gains in virtual total surplus at p(f) = n derived
from shifting quality from r(6) to ¢*(0,n).
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Let 8” > ¢ be two types for whom ¢*(8”,n) > ¢*(0',n) > r(0") > r(¢'). The
monopolist either offers to them their respective reference quality levels; or ¢*(6',n)
and ¢*(6”,n) to each of them, respectively; or it offers to the #'-consumer his refer-
ence quality level and the quality level ¢*(6”,7) to the 8”-consumer. The remaining
possibility, that ¢*®(¢') = ¢*(¢',n) and ¢**(0") = r(0") is not incentive compatible.
From Proposition 3, it suffices to show a violation of monotonicity:

v(r(0"),0") — v(r(0"),0") < v(g"(@,n),0") — vig*(¢',n),0).
One can write the previous inequality as
m(r(0"),0") — m(r(6"),0') < m(q"(¢',n),0") — m(q"(¢',n),0").

Since 0" > ¢ and ¢*(0',n) > r(0"), single-crossing implies that this inequality is
indeed satisfied.

From the assumptions in Section 2 it follows that ¢*(-, 1) is everywhere continuous
and continuously differentiable except possibly at a type where ¢*(-, 1) turns from
zero to positive. Therefore the function f,, defined on © by

ful0) = r(0) — ¢ (0, 1)

is continuous and piecewise continuously differentiable, with bounded left and right
derivatives everywhere on ©. Let A C © be the set of types for which f,(f) = 0
and f,(0) # 0. Since f/, is continuous, it follows that 6 € A is an isolated point and
thus A is a discrete subset of a compact set, hence it is finite. It follows that there
are finitely many subintervals ©. C © for which ¢*(6,7) > r(0). The construction
of the optimal quality schedule ¢** in Eq. (11) follows from these arguments.

It remains to show that the informational constraints, expressed as conditions (a)
to (c) of Proposition 3, are in place. One immediately sees from the expression for
incentive prices in Eq. (12) that both (b) and (c) are in place. To show that condition
(a) —integral monotonicity— is satisfied, let 6, 0” € © be two consumer types such
that @ < 6” and suppose ¢**(0") < r(0') < r7(0") < ¢**(9") holds —all remaining
cases are similarly proven. By construction of the optimal quality offers, there exists
a type 0., with ¢ < 0. < 0", for which one has r(¢') < r(6.) = ¢**(0.) < r(0").
Moreover, we can choose 6, so that ¢*°(8) < r(0) for all ¢’ < 6 < 6., and ¢°°(0) > r(0)
for all 6, < 0 <0".

We first write the valuation differences in a suitable form:

U(qu(QN),Qﬁ) . v(q“(@”),@’)
— v(qu(Q”),H”) . U(qu(Qﬂ),Ql) + U(qu(QN),Qc> (21)
> v(g*(0"),0") — v(@®(0").0:) + v(@®(0.),0.) — v(g*(0.),0).
where the inequality follows from single crossing. A similar argument yields to:
v(g?(9),0') — v(g™(0),0") (22)
> v(g?(0),0") — v(g®(0),0c) + v(g”(0:).0) — v(g”(0c),0").
Notice now that

’U(quw//), (9”) . U(qu(eﬁ), 68) (23)

= [ {emmegd g (e (0).0) b = [ aa(0).6) a0,

c
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where the inequality follows from the monotonicity of ¢** and the fact that u(6) =7
for all 6. < # < ¢”. Furthermore, we can write

v(g™(0e), 0e) — v(g™(6c),0)

> (L+nN)m(q(0e),0c) — (1+n\)m(q™(6.),0') (24)

0. _ 5 o 5
= [z g > [0
[% 6

/ /

where second inequality follow from the monotonicity of the optimal quality sched-
ule and the fact that u(6) = nA for all " < 6 < 6.. Combining expressions (23) and
(24) with Eq. (21), we obtain:
0//
v(qu(H"), 9//) . v(q5b(0"), 9/) Z 5<qsb(0>’ 0) d‘g’
0/
which is the first inequality of the integral monotonicity condition of Proposition 3.
To obtain the second inequality, we write:

v(@™®(0'),0) — v(g™(0).0) (25)

7 s 5 o 5
= /(1+nA)Wd9 > /5(q8b(0),0)d9,
6 0

/ /

and similarly

v(g*(0.),6") — v(g™(6.),0.) (26)
o' m(gst i} P N n
< / {(1 + ) S0 (nA—n)d%(m(T(@),@))}d@
Oc
0// B B B
< [ 3(q(6),0) db.
Oc
Combining expressions (25) and (26) with Eq. (22) above, we obtain the desired
inequality. Thus, integral monotonicity is satisfied. U
Proof of Corollary 1.
The properties ¢*°(-) for A > 1 follow readily from Equation 11. Il

Proof of Proposition 5.
In the main text we showed that the set of ex-ante consistent reference plans,
or equivalently the set of solutions to the fixed-point Equation 13, is non-empty.
Because E[g®(6; -)] is a continuous function on the compact interval [0, ¢* (07, n)\)],
it follows that the set of ex-ante consistent reference plans is also closed. To see this
more explicitly, take a sequence of fixed points {r,} and assume that it converges
to 7 € [0,¢* (0, n\)]. By continuity, we have that E[g*®(6;7,)] — E[g**(0;#)]. Since
r, = E[¢*®*(0;7,)] and r,, — 7, it follows that # = E[q**(0; )], as desired.

Under constant reference plan r, the lump-sum cost is always zero. Thus, using
Eq. (9), we express expected profits of the firm as a function of r by

71(7) T2(r)
() = / (4" (6,10, 6, B\ dF(9) + / S* (1,0, p\)dE(6)
0 T

L 1(r)

w [ {5 @On.0m + (= (r.0)Jar )
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Expected profits are continuous on 7, and because the set of ex-ante consistent
reference plans is a closed subset of [0,¢*(0g,n\)], it follows that there exists a
preferred ex-ante consistent reference plan.

To show that the unique preferred ex-ante consistent reference plan for the firm
is the largest among all ex-ante consistent plans, we argue that profits from every
f-consumer are strictly increasing in r.

Case 1. Fix § € ©, and 7 > r such that ¢*°(0;7) = ¢*(0,7)\) > r = ¢**(0;r). In this
case, the difference in profits from the #-consumer is given by

S*(q*(0,mN),0,m\) — S*(r,0,n\) > 0.

Case 2. Fix 0,7 > r such that ¢**(0;7) = ¢*(0,7)\) > ¢*(0,n) = ¢*°(0;r) > r. The
profit difference from the #-consumer is given by
S*q"(0,nA),0,0X) — S*(¢"(0,7m),0,n) — (pA —n)m*(r,0)
= S*(q"(0.1)),0,17) — S*(q"(0,1),0,1\) + (nA —n)(m*(¢"(0,n),0) —m*(r,0)).
This difference is strictly positive, so the firm prefers the higher reference plan.
Case 3. Fix 0,7 > r such that ¢*(0,n)\) > ¢*°(0;7) =7 > r = ¢**(0; 7). In this case
the profit difference is given by
S*(r,0,n\) — S*(r,0,n\) > 0,
asr <71 < ¢"(0,n\) and we are in the increasing part of the virtual surplus function
S*(+,0,mA).
Case 4. Fix 0,7 > r such that ¢*(0,n)\) > ¢*°(0;7) = 7 > ¢*(0,n) = ¢**(O;r) > r.
Here again we obtain that the profit difference is given by
S*(fa 97 77>‘) -5 (q* (97 n)a 97 77) - (77)‘ - U)m* (Ta 9)
= S*(r,0,n\) — S*(¢"(0,n),0,n\) + (n\ —n) (m*(q*(Q,n),@) —m*(r, 9))

Since ¢*(6,n\) > 7 > ¢*(0,n) > r, this difference is also positive.
These four cases exhaust all relevant comparisons. O

Proof of Proposition 6.
1. Consider expected profits for the firm generated by any ex-post consistent refer-
ence plan 7(-). From Eq. (9), when ¢**(9) = r(#) for all 6, one has

() = / "5*(r(0), 0.1) £(0) d(6).

For each 0 € O, per-customer profits S*(q,0,n\) are strictly increasing in ¢ for all
q < q*(0,n\), strictly decreasing in ¢ for all ¢ > ¢*(0,7)\), and attain a unique
maximum at ¢ = ¢*(6,n\).

2. For any given ¢ and 6, by single crossing we have 9°m(q, 0)/9q00 > 0. Thus,
an increase in the reference point for the f#-consumer to a new ex-post consistent
level increases value of the first integral in the right-hand side of Eq. (15). On
the other hand, when the function 9*m(q,6)/0q00 is constant in ¢ for all 0, we
obtain that the integrand in the second integral of Eq. (15) vanishes. Note also
that m(q,0) = 0 for all ¢ > 0, so this term does not affect our conclusion. O
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